1
In this note we present shorter proofs of the 'only if' part of Theorems 1 and 2 below essentially proved in [K, CK] , cf [A] .
2 Theorem 1. An irreducible polynomial x 3 + px + q with rational coefficients has a root a + br + cr 2 , where r ∈ R and a, b, c, r 3 ∈ Q, if and only if √ D ∈ Q, where D = (
Proof of the only if ' part. Let F (x) = x 3 + px + q, ǫ = i √ 3 − 1 2 , x 0 = a + br + cr 2 , x 1 = a + brǫ + cr 2 ǫ 2 , x 2 = a + brǫ 2 + cr 2 ǫ.
It is well-known that x 0 , x 1 , x 2 are roots of F . Then
Here the first equality is well-known and the last follows because (ǫ − 1)
Theorem 2. An irreducible polynomial x 4 + px 2 + qx + s = 0 with rational coefficients q = 0, p and s has a root a + br + cr 2 + dr 3 , where r ∈ R and a, b, c, d, r 4 ∈ Q, if and only if there is α ∈ Q such that
Proof of the 'only if' part of Theorem 2 uses the following well-known lemmas and statements, some of which we prove for completeness.
Linear Independence Lemma. If r ∈ R, r 2 ∈ Q, r 4 , w, u, v, t ∈ Q and wr 3 +ur
is a root of polynomial F with rational coefficients. Then numbers
1 This paper is prepared under the supervision of Arkadiy Skopenkov and is submitted to the Moscow Mathematical Conference for High-School Students. Readers are invited to send their remarks and reports on this paper to mmks@mccme.ru.
2 Clearly, Theorem 1 follows from [K] . The first condition of Theorem 2 follows from [CK] because for the equation
by a linear change of variable X := 2α+u 4 :
are Proof of (b). Suppose the contrary. Then either x 0 = x 2 or x 1 = x 3 . Then either br−dr 3 = 0 or br + dr 3 = 0, which contradicts to (a). QED.
Statement 2. Let x 0 , x 1 , x 2 , x 3 be the roots of polynomial x 4 + px 2 + qx + s (not necessarily coinciding with the numbers from the Conjugation Lemma). Let α = x 0 x 2 +x 1 x 3 2
. Then:
Proof of (a). By Vieta theorem:
Proof of (b). By Vieta theorem:
Proof of (c). Since x 0 + x 1 + x 2 + x 3 = 0, by 1(a) and 1(b) we have:
Proof of (d). Since x 0 + x 1 + x 2 + x 3 = 0, by statement 2(b) and 2(c):
Proof of the 'only if ' part of Theorem 2. Let F (x) = x 4 + px 2 + qx + s. By the Conjugation Lemma the numbers x 0 , x 1 , x 2 , x 3 from the Lemma are roots of F . Then by the Statement 1(b) and Vieta Theorem −4a = 0. Let α := 
